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The solution of the two-dimensional Poisson equation in a rectangle with periodic boun-
daries in one direction and Dirichlet or Neumann boundaries in the other can be handled by a
Fast Fourier Transform in one dimension and a fast nonperiodic procedure such as splines in
the other. Such a solution is necessary for the simulation of semiperiodic plasma systems. A
method is presented which is direct and of fourth order in both the electric potential and the
electric fields.

1. INTRODUCTION

One of the components of any two-dimensional electrostatic particle simulation on
a rectangular grid is the solution of Poisson’s equation

(5 + 57) ot 9= 0x. ). M

A class of numerical simulations requires periodic boundary conditions in one
direction and either Dirichlet or Neumann boundary conditions in the other direction.
For these problems we need both the potential and the electric fields, which we define
for simplicity as

E(x, y) = Vo(x, »). (2)

A large volume of literature exists on the solution of Poisson’s equation to fourth-
and higher-order accuracy and with various boundary conditions [1-8]. Little effort
has been devoted, however, to the solution for which both the potential and the fields
are obtained to high accuracy and for which the boundary conditions of our interest
are ecasily implemented. We have found a direct scheme for solving Poisson’s
equation from which the potential and the fields can be obtained to fourth-order
accuracy. The scheme is easily implemented and requires only Fast Fourier
Transforms [9] which are available on any modern computer. The method uses spline
techniques and is unusual only in the introduction of the integrated spline, which
turns out to be optimal for the representation of second derivatives.
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In Section2 we discuss a one-dimensional problem which will illustrate the
technique. The method is applied to the two-dimensional Poisson equation in
Section 3. Section 4 displays an example. Section 5 is the conclusion.

2. THE ONE-DIMENSIONAL POISSON EQUATION

Most of the features of the method for solving the two-dimensional Poisson
equation can be easily illustrated by investigating the numerical solution of the one-
dimensional Poisson equation. We concentrate on the one-dimensional problem, since
it is less cluttered. The extension to two dimensions is then simple to implement.

We consider cubic splines [10] interpolating a set of equidistant points £,
Jj=0,1,2,.,n, where E"'(x) is the one-dimensional electric field. Let the distance
between the points be Ax and the first and second derivatives in the knots be p, and
s;, respectively. For x; <x < x;,, we write

Ex)=E + p,(x — x)) + is(x — x))* + g;(x —x,)’, (3)

where g; is a constant which can be eliminated by the spline conditions. Applying the
continuity conditions for splines, we find the following equations for the first and
second derivatives:

1 1
g(pj+]+4pj+pj—l)=m(Ej+l_Ej—l) 4)

and

1 1
g(st +4sj+sj—1):(A_x)—2(Ej+l—ZEj+Ej~1)‘ (5)

A standard Fourier mode analysis implemented by assuming

E,=Eexp(ixj), pj=pexp(inj), Kr=kdx (6)
leads to
ix
P=A-xEWp(K), (7)
where
W, (k) =3 sin k/[Kk(2 + cos k)]. (8)

Note that (ix/4x)E is the exact derivative of E, and W (x) is a filter function. For
small x we see that

W, (k)=1—xk*/180 + ---
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and for k = /2, and =,

W (k=n/2)=3/4=1—0.045, W, (k=n)=0.
(10)

The value k¥ = 7 corresponds to the “Nyquist wavelength” which is equal to two mesh
widths. The long wavelengths are quite well represented up to half the Nyquist
wavelength, whereas the shorter wavelength are heavily damped. This is a favorable
filter characteristic, if we compute the p from the given £ ;, because it damps short
wavelength noise. It is ill suited, however, if E is the unknown quantity. According to
Eq. (7), E becomes singular due to the zero of W, (k) at k = 1.

Looking at the second derivative, Eq (5), in the same way is disappointing. The
lowest order appriximation to the right-hand side of Eq. (5) is not improved. Using
the same method as before, we find

Z_%WS(K), (11)
where
6(1 — cos

WS(K):KZ((TCOS?)' (12)
For small x

Wik)=1+xk*/12+ --. (13)
aﬁd for k =m/2

Wk)=12/n* = 1.216. (14)

The filter W (k) is greater than one, which is good for integration purposes, but the
scheme is of second order only. The use of a spline to solve a second-order
differential equation is thus hardly justified.

A method which does yield fourth-order accuracy can be obtained by integrating
Eq. (3) and making use of the continuity of the spline and its derivative. Let

Xj+1
O —9=[ E(x)dx
X

dx o Ax)?
:%(Ej+Ej+1)_£'i§_)(pj+l_pj)' ‘ (15)

Writing down the same formula with j decreased by one and subtracting gives

Ax (dx)?
o= 240 =5 E B )-C0  _2ph2 ) )
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We eliminate £, using Eq. (4) and obtain

(@x)’

i1 =20+ 9, =15 (01 + 100+ p5,). (17)
A modal analysis of Eq. (17) gives
Ko .
pz_(A—x?W"’(K)’ (18)
where
-
For small x
W,=1-—x*/240 + --- (20)
and for shorter wavelengths
W (n/2)= —54—7:87= 1 —0.0273, W (n)= ;62— =0.6. (21)

Equation (17) represents a fourth-order scheme. The short wavelengths are
exaggerated by up to a factor of 7%/6, rather than damped. Our principal interest,
however, is the determination of the electric fields and we will see that if the fields are
determined by fitting a spline through the ¢’s, the short wavelength field components
will be damped. We note here that Eq. (17) is actually quite old and has been used as
early as 1935 [11] and more recently by Adam |[8]. Its relation to splines has not
previously been reported. We have seen that if Eq.(4) is used to determine the
electric field, the short wavelength components of E are amplified. We, therefore, put
a spline through the ¢;’s and calculate E; from

Ej  +A4E + E;_ = (3/4x)(9;11 —9;-1),  J=2mn— 1 (22)

The accuracy is obtained from mode analysis. We find

E=p ‘7’5— W, (x) (23)
with
W, (k)= W, (k)/ W (k). (24)
For small x

W, k)=1—r*"/720+ - (25)
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and for short wavelengths,

w (7r/2)— =1-001825, W,(n)=0. (26)

E is of fourth-order accuracy and the error coefficient is very small indeed. At half
the Nyquist wavelength, the error is less than 2 %.

For Dirichlet boundary conditions we prescribe the values ¢, and ¢, , the boundary
values of the potential. In order to solve Eq. (22) we must supply E, and E,. This
appears paradoxical because once ¢(x) has been determined, its derivative should be
known everywhere. This is, in fact, the case since from Eq. (15)

2 Ax
E, :A—x(‘Pz—(Pl)—E2+ ‘6‘(/72_91)1
2
En=2;(¢ — @, 1) En l+ (pn pn~1)' (27)

Neumann boundary conditions are more complicated. In order to find ¢, and ¢,,,
we proceed as follows. A suitable combination of Eq. (15) and Eq. (22) gives

—2E; Ax=¢;,,—4¢;+ 3¢, + (Ax/6)(Pj+1 —2p;43p;_1),

where we have neglected the difference between E; and E ;- When this is combined
with Eq. (17), we obtain

=9, — E Ax + ((4x)*/24)(p; — 6p, — Tpy) (28)
and
=0, + EnAx + ((Ax)2/24)(_7pn - 6pn~1 + pn—Z)‘ (29)

Equations (17), (28) and (29) are now exactly n equations for the n unknowns ¢,,
with E, and E, prescribed.

The features of the one-dimensional spline fitting solution of the one-dimensional
Poisson equation can be carried over to the two-dimensional case.

3. THE Two-DIMENSIONAL Poi1SSON EQUATION
We now consider the solution of Poisson’s equation in two dimensions to fourth-

order accuracy. We assume that in the x direction, the equation is periodic in an
interval of length L,. First we write

o(x, y) = g o (») €, k=(Qn/Ln,

plx, p) = pu( ) €™ (30)
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It is advantageous to use x as the periodic variable because the x values are stored
in a row in a FORTRAN program and are easily accessible to a FFT.

We insert Eq. (30) into Eq. (1), but introduce a form factor a(x) (x =k Ax), in
addition, which will be chosen for our convenience. Equation (1) becomes

82
27 %) - k*a(k) o, = pi(¥). €29
Equation (31) is discretized according to Eq. (17) as

12
(A_y)T ((ok,u+l - Z(Pk,u + ‘Pk,uq)

= Prou—1 +10p5 4 +Puu_1) + kza(x)((pk,u—l + 109, + @xus1) (32)
We now introduce Fourier modes in the y direction,

0,(y) = o exp(ily); = (2n/L,)m, m=0,1,2,.., (33)

and a corresponding expression for the charge density. With 1 =[Ay, k =k Ax, the
mode analysis can be written as

_ [ 12(1—cosd) ,,

To make the scheme fourth order, we choose

12(1 —cos k)

K*(5 +cos k)’ (35)

a(k)=

which for small x is
a(k) =1—k*/240. (36)

This choice of the form factor keeps the error term of fourth order and makes the
Fourier modes symmetric in the x and y directions. There is still an overemphasis of
the short wavelength terms of up to a fector n?/6. We now write the tridiagonal
system as

(I—c)Ohpuir— 2+ 10¢,) @0 + (1 =€) @p -
1
:E(pk.u+l+ 10pk, + Pro—1)s p=2-(n+1), (37

with

¢, = kla(x)/12.
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(The solution to Eq.(37) can be determined once the boundary conditions are
applied.)

The boundary conditions must still be applied at the upper and lower boundaries.
For Dirichlet boundary conditions ¢, ,, ¢, , are given and the solution of Eq. (37) is
straightforward. For Neumann boundary conditions, Eq. (37) must be supplemented
by a generalization of Egs. (28) and (29).

(1= e )(1 +4¢,) 941 + (1 — 3¢, + 8¢h) o

l—c¢,
12

=1 —c)E, 4y — B3+ 2042 — 3pk,1)Ay2

+ (1—2¢)

24 (Pr.s + 10p, , +pk.1)Ay2 (38)

and

(I =c)(1 +4c) @y p — (1= 3, + 8) 04

I—c
=1 —c)Ey Ay + 0 : Proon—2+ 2401 — 3P4 ) AV
1-2¢
Y . Oron +10p4 1y + Pin2) 4y*. (39)

The right sides of Eqs. (38) and (39) are known quantities. Once the ¢, ,,, have
been calculated, we can proceed in two ways to obtain the fields:

(a) Obtain the £}, from
3
Elzv.u+l+4EI§,M+El{,u—l=5(¢k.u—l“(pk,u—l)’ #:2 (n*l)S (40)

which is supplemented by
’ v 2 1
Ei,+E;,= Zy—(l + ) @Pr2 — Pri) T 5 (Pr,2 = Pi.1) 4Y

2 1
E{ ,+E}, = E (I + e )@pn — Puon-1) 3 (pk,n — Pron—1) ). (41)

These equations are a generalization of Eq. (27). For the x components of the electric
field, we write

E; , = iko(k) 04, (42)
where o(k) is determined below. From the known E7 , and E,f‘u, we obtain £% , and
E} ,, the components of the electric field in x—y space, by a FFT.

581/38/2-8
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(b) We obtain ¢, , directly from ¢, , by a FFT. E* , is calculated from

u
ES 8B+ Er = (3/Ax)0, o~ Do) (43)
using a periodic spline. £, is calculated from
El{u-}-l + 4E~1;v,u + E;\:—- u = (3/Ax)((0n.<a+ 1 (pv.u - l)' (44)

This equation has to be supplemented by the Fourier transform of Eq. (41). Both
methods appear to require about the same computer time. The form factor o(k) in
(42) is determined by comparing (42) with (43). With a mode analysis, we
immediately find

__3sink
T k(2 4 cos k)’

o(x) (45)

4., AN EXAMPLE

In order to check the accuracy of the method, we have written a computer program
to solve the equation
oo o

W+ a7=sm[(27t/8) k.x] - sin[(2n/8) k, y| (46)

subject to the boundary conditions ¢(x, y = 0) = ¢(x, y = 16) = 0 and periodic boun-
daries for x =0 and x = 16. k, and k, are integers. The exact solution

(pz—[(%)Z(k§+k§)]v‘sin<é—”kxx) sin<-2§’5kyy) 47)

contains only a single mode, and provides a simple test of the estimated accuracy of
the algorithm. From Eq. (20), we expect the relative error to vary as k* = (k% + k3)°
for values of k, and k, chosen for the right-hand side of (46). The equation was
solved on a 16 X 16 mesh with Ax = Ay = 1. TableI is a record for various runs of
the average relative deviations, for example, dgp,, = (1/n)> "_, |4¢,]. Boundary
points and mesh points at which the exact function was zero were excluded. Only
values of k, and k, were changed from run to run. We normalized the relative error
of the runs by dividing by k*. It is seen that the normalized errors in the table are
approximately the same. This is expected in a fourth-order method. The table
contains a few “mirror” cases, for example, (k,, k,) equal to (1,3) and (3, 1). The
exact solutions are mirror images of each other. This symmetry is reflected in the
table: The average errors for the potentials are the same and the errors for the electric
fields exhibit approximately the same symmetry. The agreement is not perfect
however, because of rounding errors, and the use of periodic and nonperiodic splines.
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TABLE 1

A(pAu AExAr AE}'A('

kooky do,, T dE . 4E,,. = Z

1,1 9.95x107° 248x10°° 335%x107° 347x107° 838x10°° 868x10°°
1,2 132%x107°  528x107° LI8X107% 922x 107 472Xx107° 3.69x10°°
1,3 764%x 1077 764x107°  7.51x 1077 5355%x 1077 751x107° 555%x107°
2,1 132x 1077 - 528x107° 959 x107* 1.19x107° 384x107° 476x107°
2,2 1.62%x 1077 253x107° 655%x107* 6.19x107* 1.02X107° 969X 10°°
2,3 637x 1077 377%107° 407x107° 680x10™° 241x107° 402x10°°
3,1 764 x 1077 7.64%x107° 506%x 107 7.51%x 107 506x107° 751%x107°
3,2 636X 1077 3.76%x107° 632x107° 411x107* 3.74x107° 243x10°°
33 849 % 1077 262x 1077 422107 470%x107° 130x107° 145x10°°
4,1 264% 1077 9.13x107° 1.98x 1072 262%x10°%2 685Xx107° 9.06x%10°°
4,2 2261077 565x 107 234%x10°% 204x 1077 585%x107° s510x10°°
43 209%x 10727 334x107Y  251%x 1072 7.58%x 1077 400x107° 1.21x10°°

The accuracy obtained, even for wavelengths as short as twice the Nyquist
wavelength, is quite satisfactory.

5. CONCLUSION

We have presented a method which can be used to provide solutions to Poisson’s
equation in simulating bounded plasma systems. The method is direct and moderately
fast and provides fourth-order accuracy to both the electric potential and the electric
fields. In addition, it is easily implemented since only Fast Fourier Transforms and
tridiagonal matrix inversions are used. A number of computer simulations of bounded
plasma systems have recently appeared {12, 13] and this method may be useful in
further investigations.

ACKNOWLEDGMENT

This work was in part supported by U. S. Department of Energy Grant EY-76-5-02-2059.

REFERENCES

1. R. E. LyNcH, 1. R, RICE, AND D. H. THOMAS, Buil. Amer. Math. Soc. 70 (1964), 378; Numer.
Math. 6 (1964), 185.

2. L. V. KANTOROVICH AND V. I. KrRYLOV, “Approximate Methods of Higher Analysis,” Wiley. New
York, 1964.

3. R. W. HockNEY, “Methods in Computational Physics” (B. Adler, S. Fernbach, and M. Rotenberg.
Eds.), Vol. 9, p. 136, Academic Press, New York, 1969.



236 KNORR, JOYCE, AND MARCUS

4

5.

1

11.

6
7
8.
9
0

. O. BUNEMAN, Rep. 249, Stanford University Institute for Plasma Research, Stanford, CA, 1969; J.

Comput. Phys. 12 (1973), 124.

W. F. AMEs, “Numerical Methods for Partial Differential Equations,” Barnes & Noble, New York,

1969.

. B. L. Buzseg, G. H. GoLus, C. W. NIELSON, AND J. SiaM, Numer. Anal. 7 (1970), 627.

- R.S. HirsH, J. Comput. Phys. 19 (1975), 90.

Y. ApaM, J. Comput. Phys. 24 (1977), 10.

. E. O. BRIGHAM, “The Fast Fourier Transform,” Prentice-Hall, Englewood Cliffs, N. J., 1974.

. J. H. AHLBERG, E. N. NILSON, aND J. L. WaLsH, “The Theory of Splines and Their Applications,”

Academic Press, Inc., New York, 1967; B. WENDROFF, “Theoretical Numerical Analysis,” Sect.

1.4, Academic Press, Inc., New York, 1966.

F. StUssi, Abhandlungen Internat. Vereinigung fiir Briickenbau und Hochbau, Vol. 3, p. 401,

Zirich, 1935.

. A. J. MARcus, “Two-Dimensional Simulation of a Plasma in a Periodic Picket Fence,” Ph. D.
thesis, University of Iowa, 1979,

. V. K. DECYK AND J. M. DAWSON, J. Comput. Phys. 30 (1979), 407.



